Calculus - Lecture 8
Functions of several real variables. Limits and continuity.
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THE VECTOR SPACE R”

R = {(x1, T2, ..., Tn)|x; € R i =1,2,...,n}.

The elements of R™ are called vectors.

R™ is a n-dimensional vector space with respect to the sum and the
multiplication by a scalar defined by:

(m1’x2a"'7xn)+(y17y2a'-'7yn) = (x1+y17x2+y27"'axn+yn)

k(xy,xa,...,x,) = (kx1, kxo, ... kay)

For z € R™ the norm (or length) of x is defined by

n
g zf:\/x%—kx%—i-...—}—x%.
i=1

The distance between = and a = (ay, as,...,a,) is ||z — al.
A neighborhood of a € R™ is a set V' C R™ which contains a hypersphere
Sy(a) centered in a,

Sp(a) ={z e R"| ||z —al| <7} r>0
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SEQUENCES IN R"

A sequence (z) of vectors of R" is a function whose domain of definition is N
and whose values belong to R™.

A vector x € R™ is called the limit of the sequence (xy,) if
Ve>0,3N=N()>08st ||Jzx — x| <e, VE> N.

In this case we write lim x;, = .
k—o0

1 1. .
Example. z;, = (z},27) = (k’ k:2> is a sequence in R2.

Its limit is computed as follows:

. . 11
i o= i (7.7z) = 00
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Properties

@ If the limit of the sequence (x;) exists, then it is unique.

@ If a sequence (x) converges to z, then the sequence is bounded:
IM > 0s.t. ||lxg]| < M, Vk € N.

@ If a sequence (z) converges to z, then any subsequence (x,) of the
sequence (zj) converges to z.

@ Component-wise convergence
A sequence (zi), xx = (T1k, T2k, ---, Tnk) € R™ converges to
x = (z1,22,...,2,) € R™ if and only if the sequence (z;;) converges to z;
foranyi=1,2,...,n.

@ Bolzano-Weierstrass Theorem
Any bounded sequence (xy) of points of R™ contains a convergent
subsequence.

@ Cauchy’s criterion for convergence
A sequence (zx) C R™ converges if and only if for any € > 0 there exists
N, such that for p, ¢ > N, we have ||z, — 24| < e.
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FUNCTIONS OF SEVERAL VARIABLES

A real valued function of n variables associates to every vector x € D C R™ a
unique real number.

Formally, f : D ¢ R™ — R! is given by

x=(x1,22,...,2,) € D f(x) = f(z1,22,...,25) €R

Example. f : R? — R defined by

fxy,m2) = 22 + 22 + 2120 + cos(zy + 12)

is a real valued function of 2 real variables.
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FUNCTIONS OF SEVERAL VARIABLES

A vector valued function of n variables associates to every vector x € D C R™
a unique vector f(z) from R™.

Formally, f : D c R™ — R™ is given by

x = (21,22, ... 2n)ED = f(x)=(f1(x1,22,. -, Tn)y- -, f(T1, T2, ..., x,)) ER™

The functions f; : D C R® — R}, i = 1, m, are called scalar components of the
vector function f.

Example. The function f : R2 — R3 defined by
f(x1,m0) = (122, 21 + T2, 8in(x1))
is a vector valued function of 2 real variables.
Its scalar components are:
fi(z1, 22) = 2122
fa(w1,m2) = 21 + 22

f3(x1,22) = sin(x;)
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Functions of several real variables Introduction

Graphs of real valued functions of two real variables

The graph of function f : D Cc R? - R

ZA

(x, 3 flx,y)
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Example. Let's compare the behavior of the functions

sin(x? + y?)
2 4y

22 — 2

f(z,y) = and g(z,y) = 2+

as « and y both approach 0, meaning that (z,y) — (0,0).

Table 1 Values of f(x,y) Table 2 Values of g(x, y)
- ~
\\\\\ =10 | =05 | =02 0 0.2 0.5 1.0 \\\}\ -1.0 | =05 —0.2 0 0.2 0.5 1.0
—1.0 | 0455 0759 | 0.829 0841 | 0.829 | 0.759 | 0.455 —1.0 | 0000 0600| 0923 1.000 | 0923 0.600| 0.000
—0.5 | 0759 | 0.959 ‘ 0986 | 0.990 | 0.986 | 0.959 | 0.759 —0.5 | =0.600  0.000| 0.724| 1.000 | 0724 0.000 | —0.600
—0.2 | 0.829 ‘ 0.986 ‘ 0.999 | 1.000 | 0.999 | 0.986 | 0.829 —0.2 | —0923 | —0.724 | 0.000| 1.000 | 0.000 —0.724 | —0.923
0 | 0841 099 | 1.000 1.000 | 0.990 | 0.841 0 | —=1.000 —1.000 | —1.000 —1.000 | —1.000 | —1.000
0.2 | 0829 098 | 0999 | 1.000 | 0.999 | 0.986 | 0.829 02 | —0923 —0.724| 0.000| 1.000 | 0.000 —0.724|-0923
0.5 0759 | 0959 | 0.986 | 0.990 | 0.986 | 0.959 | 0.759 0.5 | —0.600 0000 0.724| 1.000 | 0724 0.000| —0.600
1.0 0455 | 0759 | 0.829 | 0.841 | 0.829 | 0.759 | 0.455 1.0 0000 0.600| 0.923| 1.000 ‘ 0923 0.600  0.000
lim f(z,y)=1 and lim  g(z,y) does not exist.
(z,y)—(0,0) (z,y)—(0,0)
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Functions of several real variables Limits

Let us consider f : D ¢ R” — R! a real valued function of n variables and
a € D' (i.e., for any neighborhood V' of a, one has V' \ {a} N D # ().

The real number L is called the limit of f(x) as « tends to « if
Ve>0,30=40(e)>0st|f(z)— L <e, Va: 0<||z—a|] <.
We write lim f(x) = L.

r—a

Let us now consider f : D ¢ R™® — R™ a vector valued and a € D’.

The vector L € R™ is called the limit of f(x) as = tends to a, if
Ve>0,30=4c)>0st|f(x)—L||<e, Vz: 0<|xz—al] <4

We write lim f(z) = L.
r—a
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Functions of several real variables Limits

For functions of two real variables:
( %Hn( ) f(z,y) = L if the values of f(x,y) approach the number L as the
T,y —(a,

point (x, y) approaches the point (a, ) along any path that stays within the
domain of f.

y z
. L+e
(x,y) H -
D }‘:\\—/_\ L—¢ S
~L+e d
b
(a,b) ) B =
0 v +tL—¢ I |1
- g
0 \/ /J D, Y
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Functions of several real variables Limits

Limits of functions of two real variables

For functions of two variables we can let (x, y) approach (a, b) from an infinite

number of directions in any manner whatsoever as long as (z,y) stays within
the domain of f.

y

i

/o a\ X

@ f(x,y) — Ly as (z,y) — (a,b) along a path C; and
@ f(z,y) = Ly as (x,y) — (a,b) along a path Cs, with L; # Lo,
then lim  f(z,y) does not exist.

(z,y)—(a,b)

If
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Examples
sin(x? + y?)
56‘2 + y2
Using the substitution « = z2? + y? and the remarkable limit, we have:

Example 1. The limit of f(x,y) = at (0,0).

. 2 2 B
lim f(x,y)= lim sin(” +y7) _ lim sin(u)

= =1.
(,)—(0,0) (z,y)—(0,0) T2+ 72 u—0 U

Example 2. The function f(z,y) = ﬁ does not have a limit at (0, 0):

Along the z-axis: Oz : y=0

x =0 f=-1
Along the y-axis: Oy : =0 f=1 x
—y2 y—0
fOy) =7 =-1=-1
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Functions of several real variables Limits

Examples
Example 3. The function f(z,y) = xf—f_jzﬂ does not have a limit at (0, 0):
o . _ y
Along the z-axis: Oz : y=0 B =x
fla0)= 5 =000 =0l e
Along the first bisector: y = = i f=0 *
2
flz,2) = 222 =

EVA KASLIK Calculus - Lecture 8 13/17



Important Properties

o If fwy,...,xn) = (fi(z1,..-,2n), -, fm(x1,...,2,)) and
L=(Ly,...,L,), then
lim f(z) = L if and only if lim f;(z) = L, forany i =1, m.
T—ra r—a

@ The same limit laws as for functions of one real variable.

@ Heine’s criterion for the limit
The function f : D C R™ — R™ has a limit as = approaches « if and only
if for any sequence (xi), . € D, x, # a, and x,, — a as k — oo, the
sequence (f(zy)) converges.

@ Cauchy-Bolzano’s criterion for the limit
The function f : D ¢ R® — R™ has a limit as + — « if and only if for any
e > 0 there exists § > 0 such thatif 0 < ||z’ —a|| <dand 0 < ||z" —a| < ¢
then || f(z") — f(=")]| <e.
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Functions of several real variables Continuity

A function f : D C R™ — R™ is continuous at a € D if lim f(z) = f(a).

r—a
Rules for continuity:
@ If the real valued functions of n variables f and g are continuous at a then

1
soare f+g, f-gand 7
olff: ACR" — BCR™iscontinuousata e Aandg: BCR™ — RP is
continuous at f(a) = b € R™, then the composite function go f : A — RP

is continuous at a.

A function f : D c R™ — R™ is uniformly continuous (on D) if for every € > 0
there exists § = d(¢) > 0 such that for 2/, 2" € D we have that if |2/ — 2| < ¢
then || f(z") — f(=")|| <e.
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Functions of several real variables Continuity

Example 4. Consider the function f : R? — R defined by:

3x2y

fay) =L gy @ # 0,0

0 if (,y) = (0,0)
We have: 2
y—0
|f(z y)| = 3yl W <3ly[— 0.
<1

By the squeeze rule, we deduce that lim  f(x,y) = 0.
(z,y)—(0,0)

As f(0,0)=0= lim f(z,y), it follows that f is continuous at (0, 0).
(z,y)—(0,0)

As f(z,y) = ﬁ’ for (z,y) # (0,0), the function f is continuous at every
Y

point (z,y) # (0,0). = [ is continuous on RZ.
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Important properties

Continuity of the scalar components:

Let f: D CR* = R™, f(z) = (fi(z),..., fm(z)) and a € D.

The function f is continuous at a € D if and only if the scalar components f;,
1=1,2,...,m are continuous at a.

Heine’s criterion for continuity
The function f : D C R™ — R™ is continuous at a € A if and only if for any
sequence (z) C D which converges to a, the sequence (f(x))) converges to

f(a).

Cauchy-Bolzano’s criterion for continuity
The function f : D C R™ — R™ is continuous at a € D if and only if for any
e > 0 there exists § > 0 such that if ||z’ — a|| < ¢ and ||z” — a|| < 6 then

1f(2") = fa")Il <e.

The boundedness property
If f: DcCR"™— R™is continuous on the compact (closed and bounded) set
D, then the set f(D) is bounded and there exists a € D such that
1f(@)l| = sup | F(D).
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